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Abstract. Let Bd£f(R™) be the hyperspace of nonempty bounded 
closed subsets of Euclidean space R™ endowed with the Hausdorff met- 
ric. It is well known that BdH(R'") is homeomorphic to the Hilbert cube 
minus a point. We prove that natural dense subspaces of BdH(R'") of 
1/^ ' all nowhere dense closed sets, of all perfect sets, of all Cantor sets and of 

all Lebesgue measure zero sets are homeomorphic to the Hilbert space 
£2. For each 1 < m, let 

= {x = {xi)'^-^ e R™ : G R \ Q except for at most k many i}, 

where v'l'''^^ is the fc-dimensional Nobeling space and Uq - = (R\Q)™. It 
i^H ' is also proved that the spaces Bd/f(t'o) and Bdjf(t'™), < fc < m — 1, are 

, homeomorphic to £2- Moreover, we investigate the hyperspace Cld£f(R) 

of all nonempty closed subsets of the real line R with the Hausdorff 
(infinite-valued) metric. It is shown that a nonseparable component Ti 
of CldH(R) is homeomorphic to the Hilbert space £2(2**'') of weight 2^" 
in case where H ^ R, [0, 00), (— cx),0]. 
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O ; Introduction 

. In this paper, we consider metric spaces and their hyperspaces endowed 

I with the Hausdorff metric. Specifically, given a metric space X = {X,d), 

O ■ we shall denote by Cld(X) and Bd{X) the hyperspaces consisting of all 

nonempty closed sets and of all nonempty bounded closed sets in X respec- 
tively and by dn the Hausdorff metric, which is infinite-valued on Cld(X) if 
X is unbounded. We shall sometimes write Cld//(X) or Bd//(X) to empha- 
size the fact that we consider this space with the Hausdorff metric topology. 

A theorem of Antosiewicz and Cellina [2] states that, given a convex set 
X in a normed linear space, every continuous multivalued map (p: Y ^ 
BdH{X) from a closed subset y of a metric space Z, can be extended to 
a continuous map f:Z—i- BdniX). Using the language of topology, this 
theorem says that, under the above assumptions, BdniX) is an absolute 
extensor or an absolute retract (in the class of metric spaces). In [8], it is 
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proved that the above result is stih vahd when X is replaced by a dense 
subset of a convex set in a normed linear space. More generally, Bdif(X) 
is an absolute retract, whenever the metric on X is almost convex (see §3 
for the definition). This condition was further weakened in [17], which has 
turned out to be actually a necessary and sufficient one by Banakh and 
Voytsitskyy [4]. In the last paper, several equivalent conditions are given, 
which are too technical to mention them here. We refer to [4] for the details. 

It is a natural question whether Bd//(X) and some of its natural subspaces 
are homeomorphic to some standard spaces, like the Hilbert cube/space, etc. 
Since the Hausdorff metric topology coincides with the Vietoris topology on 
the hyperspace exp(X) of nonempty compact sets, the above question was 
already answered, applying known results, in case where bounded closed sets 
in X are compact. Among the known results, let us mention the theorem of 
Curtis and Schori [10] (cf. [19, Chapter 8]), saying that cxp(X) is homeomor- 
phic to (~) the Hilbert cube Q = [—1, 1]"^ if and only if X is a Peano contin- 
uum, that is, it is compact, connected and locally connected. Later, Curtis 
[9] characterized non-compact metric spaces X for which cxp(X) is homeo- 
morphic to the Hilbert cube minus a point Q\0 (= Q\{0}) or the pseudo- 
interior s = (-1, 1)'^ of Q.^ In particular, Bd^iM™) = exp(IR") ^ Q \0. For 
more information concerning Vietoris hyperspaces, we refer to the book [13]. 

The aim of this work is to study topological types of some of the natural 
subspces of the Hausdorff hyperspace. We consider the following subspaces 
of Bdi/(X): 

• Nwd(X) — all nowhere dense closed sets; 

• Perf(X) — all perfect sets;^ 

• Cantor(X) — all compact sets homeomorphic to the Cantor set. 

In case X = with the standard metric, we can also consider the following 
subspace: 

• OT(M"^) — all closed sets of the Lebesgue measure zero. 

We show that, in case X = M™, the above spaces are homeomorphic to the 
separable Hilbert space ^2- Actually, we prove that if is one of the above 
spaces then the pair (Bd/f (M"*), J^) is homeomorphic to {Q\0,s\0). 

The completion of a metric space X = {X, d) is denoted by (X, d). Then 
Bd//(X, d) can be identified with the subspace of Bd//(Ar, d), via the isomet- 
ric embedding A t— > c\^A. Thus we shall often write Bd(X, d) C Bd(X,d), 
having in mind this identification. In this case, Bd(X,(i) is the completion 
of Bd(X, d). By such a reason, we also consider a dense subspace D oi a 
metric space X = (X, d). For each ^ /c < m, let 

jy™ = = {xi)"^^ € : ajj G M \ Q except for at most k many i}, 

which is the universal space for completely metrizable subspaces in M™ of 
dim ^ k. In case 2k + 1 < m, fV^ is homeomorphic to the /c-dimensional 



It is well known that s is homeomorphic to the separable Hilbert space £2. 
'i.e., completely metrizable closed sets which are dense in itself. 
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Nobeling space v"^^"^ , which is the universal space for all separable com- 
pletely metrizable spaces. Note that f ™ = (M \ Q)™ M \ Q. We show that 
the pairs (Bd(M),Bd(M \ Q)) and (Bd(R'"), Bd(i/™)), ^ A; < m - 1, are 
homeomorphic to (Q \0, s \0), so we have Bdj^ (f^) « £2 if {fn, k) = (1, 0) or 
< < m - 1. 

We also study the space Cld//(M). It is very different from the hyperspace 
exp(]R). It is not hard to sec that Cld//(]R) has 2^" many components, Bd(M) 
is the only separable one and any other component has weight 2^''. We 
show that a nonseparable component H of Cldi/(M) is homeomorphic to the 
Hilbert space £2(2^") of weight 2^o in case where H ^ R, [0, 00), (-00, 0]. 
This is a partial answer (in case = 1) of Problem 4 in [17]. 

1. Preliminaries 

We use standard notation concerning sets and topology. For example, we 
denote by u the set of all natural numbers. Given a set X, we denote by 
[X]^'^ the family of all finite subsets of X. 

Given a metric space X = {X, d) and a set ^ C X, we denote by B(A, r) 
and 3(^4, r) the open and the closed r-balls centered at A, that is, 

B{A,r) = {x eX: d\si{x,A) < r} and 

B{A,r) = {xeX: dist(x, A) ^ r}. 

The Hausdorff metric dn on Cld(X) is defined as follows: 

dH{A,C) = mf{r >0: AC B(C,r) and C C B{A,r)}, 

where dn is actually a metric on Bd{X) but dn is infinite-valued for Cld{X) 
if {X,d) is unbounded. The spaces Cldj/(X) and Bd//(X) arc sometimes 
denoted by Cldn^X, d) and Bdi^(X, d.), to emphasize the fact that they are 
determined by the metric on X. In fact, the metric g{x,y) = d{x,y)/{l + 
d{x,y)) induces the same topology on X as d but the Hausdorff metric 
qh induces a different one on Cld(X). On the other hand, the Hausdorff 
metric induced by the metric d{x,y) = mm{d{x,y), 1} is finite-valued and 
induces the same topology on Cldi^(X) as dn] moreover Cld(X) is equal to 
Bd(X) as sets. Note that the subspace Fin(X) = [X]<'^ \ {0} of Bdij(X) 
of all nonempty finite subsets of X is dense in Bdj^(X) if and only if every 
bounded set in X = {X, d) is totally bounded. 

Fact 1.1. For a metric space X = {X,d), the following hold: 

(i) If d is complete then (Bd(X, d), djy) is a complete metric space and 
the space CldniX) is completely metrizable. 

(ii) The space Bdjj {X, d) is separable if and only if every bounded set in 
X is totally bounded. 

We use the standard notation exp(X) for the Vietoris hyperspace of 
nonempty compact sets in X. Note that exp(X) C Bd(X) for every metric 
space X = {X, d) and it is well known that the Hausdorff metric induces the 
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Vietoris topology on exp(X). However, if closed bounded sets of X are not 
compact, then the space Bdif(X) is very different from Bdy(X) endowed 
with the Vietoris topology. We use the following notation: 

A~ = {C eC\d{X):Cf\A^^ and y4+ = {C G Cld(X) : C C A}, 

where A'^ X. When dealing with Bd(X) (or other subspace of Cld(X)), we 
still write A~ and ^+ instead of A'' n Bd(X) and A+ n Bd(X) respectively. 

In the rest of this section, we shall give preliminary results of infinite- 
dimensional topology. For the details, we refer to the book [3]. We abbreviate 
"absolute neighborhood retract" to "ANR" . 

Let X = {X, d) be a metric space. It is said that a map f : Y ^ X can 
be approximated by maps in a class of maps if for every map a: X ^ 
(0,1) there exists a map g:Y^X which belongs to and such that 
d{f{y),g{y)) < ct{f{y)) for every y G y. A closed subset ^ C X is a 
Z-sei in X if the identity map idx of X can be approximated by maps 
f : X ^ X such that f[X\ n ^4 = 0. Strengthening the last condition to 
clx(/[-'^]) n ^ = 0, we define the notion of a strong Z-set. In case X is 
locally compact, every Z-set in X is a strong Z-set. Moreover, it is well 
known that every Z-set in an ^2-iiianifoId is a strong Z-set. A countable 
union of (strong) Z-sets is called a (strong) Zfj-set. We call X a (strong) Z^.- 
space if it is a (strong) Z^r-sct in itself. An embedding f: X ^ Y is called a 
Z- embedding if f[X] is a Z-set in Y . 

It is said that D C. X is homotopy dense in X if there exists a homotopy 
/t: X X [0, 1] ^ X such that ho = id and ht[X] C D for every t > 0, where 
ht(x) = h(x, t). The complement of a homotopy dense subset of X is said to 
be homotopy negligible. If A C X is a homotopy negligible closed set then 
A is a Z-set in X. 

Fact 1.2. For a closed set A in an ANR X, the following are equivalent: 

(a) A is a Z-set in X; 

(b) each map /: [0, 1]" X , n E. lo, can be approximated by maps into 
X\A; 

(c) A is homotopy negligible in X. 

Fact 1.3. Let D be a homotopy dense subset of an ANR X. Then the fol- 
lowing hold: 

(i) D is also an ANR. 

(ii) A closed set A C X is a Z-set in X if and only if A f] D is a Z-set 
in D. 

(iii) If Ac. X is a strong Z-set in X then Ar\D is a strong Z-set in D. 

Proposition 1.4. Assume that X is a homotopy dense subset of a Q- 
manifold M . Then X is an ANR and every Z-set in X is a strong Z-set. 
Furthermore, X is a strong Z^^ -space if and only if X is contained in a Z^-set 
in M. 
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Proof. We verify only the "furthermore" statement. Assume X C (J^g^^ Zn, 
where each Zn is a Z-set in M. Then each Zn is a strong Z-set in M, because 
M is locally compact, and therefore by Fact 1.3 (iii), each Z„ nX is a strong 
Z-set in X. Conversely, if X = \Jneu>-^n, where each X„ is a (strong) Z- 
set in X, then by Fact 1.3 (ii), Zn = clM-'^n is a Z-set in M. Clearly, 

XCU^^^Zn. □ 

Let C be a topological class of spaces, that is, if X is homeomorphic to 
some y € C then X also belongs to C. It is said that C is open (rcsp. closed) 
hereditary ii X € C whenever X is an open (resp. closed) subspace of some 
Y e C. A space X is called strongly C-universal if for every Y e C and every 
closed subset A C.Y, every map f : Y ^ X such that / f yl is a Z-embedding 
can be approximated by Z-cmbeddings g: X ^Y such that g \ A = f \ A. 
Similarly, one defines C -universality, relaxing the above condition to the case 
^ = 0, that is, X is C-universal if every map fiY^XofYeC can be 
approximated by Z-embeddings. 

Fact 1.5. Let X be an ANR such that every Z-set in X is strong and let 

C be an open and closed hereditary topological class of spaces. If every open 
subspace U C X is C-universal then X is strongly C-universal. 

Given a topological class C of spaces, we denote by aC the class of all 
spaces of the form X = Ungt^ ^n, where each X„ is closed in X and X„ G C. 
Recall that X is a C-absorbing space if X G aC is a strongly C-universal 
ANR which is a strong Z^-space. In case C is closed hereditary, we can write 
X = Unsu) -^n, where each X„ is a strong Z-set in X and X„ G C. 

We shall denote by 9Jto and 93ti the classes of all compact metrizable 
spaces and all Polish spaces^ respectively. Let S = Q \ s denote the pseudo- 
boundary'^ of Q. 

Fact 1.6. If X is an TIq- absorbing homotopy dense subspace of Q, then 
(Q, X) « (Q, S) . In case X C Q \0, (Q \0, X) ^ (Q \0, S) . 

Fact 1.7. Assume that X is a both homotopy dense and homotopy negligible 
subset of a Hilbert cube manifold M. If X is a-compact then it is a strong 
Za- -space. 

Proof. Assume X = [jneoj where each K„ is compact. Then each Kn is 
closed in M and therefore it is a strong Z-set by Fact 1.3 (iii). □ 

2. BOREL CLASSES OF SEVERAL HAUSDORFF HYPERSPACES 

Let {X,d) denote the completion of {X,d). We identify Bd(X, c?) with 
the subspace of Bd{X,d), via the isometric embedding A c\j^ A. Then, 

I.e., separable completely metrizable spaces. 

^In some articles (e.g. [3]), S denotes the radial interior of Q, i.e., S = {x G 
Q: sup^gj^ k(^^)| < !}• However, there is an auto-homeomorphism of Q which maps the 
pseudoboundary onto the radial interior. 
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{Bd{X),dH) is a completion of (Bd(X),dH)- Moreover, it should be noticed 
that A e Bd{X) \ Bd{X) if and only if A c\j^{A D X). Saint Raymond 
proved in [20, Theoreme 1] that if X is the union of a Polish subset and a 
(T-compact subset then Bdij(X) is F^s (hence Borel) in BdniX).^ In par- 
ticular, we have the following: 

Proposition 2.1. If X = {X,d) is a-compact then the space (Bd(X),dH) 
is Ff^s in its completion (Bd(X), c/ij). 

Moreover, the following can be easily obtained by adjusting the proof of 
[20, Theoreme 1]:^ 

Proposition 2.2. If X = {X,d) is Polish (d is not necessarily complete) 
then the space (Bd{X),dH) is Gs in its completion (Bd(X), dij). 

For the readers' convenience, direct short proofs of the above two propo- 
sitions are given in the Appendix. Combining Fact 1.1 and Proposition 2.2, 
we have the following: 

Corollary 2.3. If X = {X, d) is Polish in which every hounded set is totally 
hounded, then the space Bdij(X) is also Polish. 

Concerning the spaces Nwd(X) and Perf (X), we prove here the following: 

Proposition 2.4. For every separahle metric space X, the space Nwd(X) 
is Gs in BdniX). 

Proof. Let {[/„ : n G a;} be a countable open base for X. For each n G let 

J'n = {AeBd{X): Un^A}. 

Then each :F„ is closed in BdniX) and Unea; = Bd{X) \ Nwd(X). □ 

Proposition 2.5. If X is locally compact then Perf(X) is Gs in BdniX). 

Proof. Let {Un- n G uj} enumerate an open base of X such that clUn is 
compact for every n € a;. Note that, by compactness, (clC/„)~ is closed in 

Bdni^X, d). For each n,m £ u define 

$(n, m) = {{k, I) eLJ^:UknUi = 0, UkUUiC B{Un, 1/m)}. 
We claim that 

Bd(X,d)\Perf(X)= U fl ((clC/„)-\([/,-n [/,-)). 

n,meu> (fe,i)e$(n,m) 

The set on the right-hand side is Fo-, so this will finish the proof. 

Note that a closed set in a Polish space is perfect if and only if it has 
no isolated points. If ^ G Bd{X,d) \ Perf(X) then there is y G vl which is 

^In [20], X is assumed to be a subspace of a compact metric space, but the proof is valid 
without this assumption. Moreover, it is also proved in [20, Theoreme 6] that if Bdir(X) 
is absolutely Borcl (i.e., Borel in its completion) then X is the union of a Polish subset 
and a a-compact subset. 

similar result was proved by Costantini [7] for the Wijsman topology. 
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isolated in A. We can find n,m & uj such that y € Un and B(J7„, l/m)riA = 
{y}. Then A e {clUn)' and A ^ Uj^ n whenever {k,l) G $(n,m). 

Conversely, assume that there are n,m £ tu such that A G (clC/„)~ and 
A^U^ n Uf for every (fe, /) G $(n, m). Then ^ n B([/„, 1/m) / and the 
second condition says that A n B{Un, 1/m) does not contain two points, so 
it is a singleton. Thus A ^ Perf(X). □ 

Replacing (clC/„)~ by B{Un, l/m)~ in the formula from the proof above, 
we obtain the following: 

Corollary 2.6. The space Perf(X) is F^s in Bdif(X) if X is Polish. 

Since Cantor(M'") = Perf(]R"')nNwd(M'"), the following is a combination 
of Propositions 2.4 and 2.5: 

Corollary 2.7. The space Cantor(M"*) is Gs in Bd//(M'"). 

Now, wc shall prove the following: 
Proposition 2.8. The space ^{W^) is Polish. 

Proof. Let {/„ : n £ u} enumerate all open rational cubes (i.e. products of 
rational intervals) in M™. Given k € uj, we define 

Sk = {se[u]<^ ■.Y,\ln\<l/k}, 
where |7| denotes the volume of the cube / C W". We claim that 

^(M-)=n u(u^n)^- 

fceoJseSfc nes 

Clearly, if A belongs to the right-hand side then for each k E u) there is 
s Q CO such that A C (J^g^ In and J2nes l-^^l < ^/^'i therefore A has Lebesgue 
measure zero. 

Assume now A has Lebesgue measure zero and fix A; < u. Then A C 
Unew "^"J where each J„ is an open rational cube and "^^euj I'^^l < 1/^- By 
compactness, A C JqU- • -U J/_i for some m and { Jq, . . . , Ji-i} = {In : n G s} 
for some s G Sk- Thus A G UsG5,(U„es ^nV- ° 

3. Almost convex metric spaces 

Recall that a metric d on X is almost convex if for every a > 0, /3 > 
and for every x,y E X such that d{x, y) < a + P, there exists z £ X with 
d{x,z) < a and d{z,y) < /?. 

Fix a dense set X in a separable Banach space E. Let d denote the metric 
on X induced by the norm of E. Then {X, d) is an almost convex metric 
space and therefore by a result of [8] the space Bd(X, d) is an absolute 
retract. In case where X is Gs, the space Bd(X, d) is completely mctrizable 
by Proposition 2.2. If additionally E is finite-dimensional then Bd(Ar, d) is 
Polish by Corollary 2.3. In case where X is a-compact, by Proposition 2.1, 
Bd(X, d) is absolutely F^s. It is natural to ask whether these spaces or their 
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subspaces, discussed in §2, are homeomorphic to some standard spaces. Such 
standard spaces appear as homotopy dense subspaces of the Hilbert cube Q. 

Let UNb(X, d) denote the family of all sets of the form B(C, t), the closed 
t-neighborhood of C € Bd(X, d), where t > 0. 

Proposition 3.1. // {X,d) is an almost convex metric space then the sub- 
space UNb(X, d) is homotopy dense in Bd{X,d). 

Proof. Define a homotopy h: Jid(X,d) x [0, 1] — > Bd(X, d) by the formula: 

h{A,t) =B{A,t). 

It suffices to verify the continuity of h with respect to Hausdorff metric 
topology. It has been checked in [8] that dH(B{A, t),B{A, s)) ^ |i — s|- Thus 
we have 

dH{h{A, t), h{B, s)) ^ dH{h{A, t), h{A, s)) + dH{h{A, s), h{B, s)) 
^\t-s\ + dH{h{A, s), h{B, s)). 

It remains to check that (i//(B(A, ,s), B(S, s)) ^ dH{A,B). 
To complete the proof, we show the following: 

r > dniA, B), £>0^r + e^ dj/(B(^, s),B{B, s)), 

For this aim, it suffices to check that B{A,s) C B(B(S,s),r + s); then by 
symmetry we shall also get B{B, s) C B(B(^, s),r + s). 

For each x G B{A, s), choose a e A such that d{x, a) < s + e. There is 
b E B such that d{a, b) < r. Then we have d{x, b) < s + r + e. Using the 
almost convexity of d, we can find y such that d{b, y) < s and d{y, x) < r + e. 
Then y G B{B, s) and hence x G B{y, r + e) C B(B(i?, s), r + e). □ 

Denote by Reg(X, d) the hypcrspace of all nonempty bounded regularly 
closed subsets of a metric space {X,d). Clearly, UNb(X, d) C Reg{X,d). 

Corollary 3.2. Let {X, d) be an almost convex metric space and D C X a 
dense set. Then the spaces Reg(X, d) and Bd{D, d) are homotopy dense in 
Bd(X, d). 

Proof. Regarding B(i{D,d) C Bd{X,d) via the embedding A ^ clx ^, we 
have Reg(X, d) C Bd(i:', d). This follows from the fact that cl(i:» r\U) = c\U 
for every open set U C. X. Since UNb(X, d) is homotopy dense in Bd{X, d) 
by Proposition 3.1 and UNb(X, d) C Reg(X, d), we have the result. □ 

4. Strict deformations 

Assume we are looking at certain homotopy dense subspaces of the Hilbert 
cube Q. Let X D Xq he such spaces. If Xq ~ S then, in order to conclude 
that (Q, X) ~ (Q, S), it suffices to check that X is a Zo--set in Q, by applying 
[6, Theorem 6.6]. However, to see that Xq ~ S, wc have to check that 
Xq is strongly 9Jto-universal. Below is a tool which simplifies this step. To 
formulate it, we need some extra notions concerning homotopies. 
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A homotopy ip: X x [0,1] X is called a strict deformation if (pQ = id 
and 

(p{x, t) = (fix, t') At > At' > =^ x = x'. 
It is said that ip omits A C X if Lp[X x (0, 1]] n ^ = 0. Finally, we say that a 
space X is strictly homotopy dense in F if X C y and there exists a strict 
deformation which omits Y \ X (so in particular X is homotopy dense in 

Lemma 4.1. For every Z-set A in a Q-manifold M, there exists a strict 

deformation of M which omits A. 

Proof. Find a Z-embedding f^: M ^ M which is properly 2~^-homotopic 
to the identity and so that /o[M] n ^ = 0. Further, find a Z-embedding 
/i : M — M which is properly 2~^-homotopic to the identity and /i [M] n 
(/o[M] U y4) = 0. Continuing this way, we find Z-embeddings /„: M — >■ M, 
n € Lo, such that is properly 2^"^^-homotopic to the identity and 

fn[M] n (/„-i[M] U • • • U /o[M] U A) = 0. 

Then, we have proper 2~(""'"^)-homotopies : M x [0, 1] M, n £ uj, such 
that gQ = fn and g^ = fn+i- We can define a homotopy M x [0, 1] — > M 
by g{x, 0) = X and 

g{x,t) = ff"(x,2 - 2"+4) for 2-^"+^) ^ t ^ 2"", nEu. 

Note that 52-" = fn for each n € uo, each g \ M x [2^"^^^^, 2~"] is proper and 
2~"^-'^-close to the projection pr^^ : M x (0, 2~"] M. The continuity of g 
at {x, 0) is guaranteed by the last fact. Using the strong 9Ko-universality of 
M (see [3, Theorem 1.1.26]), we can inductively obtain hn: M x [0, 1] M, 
n & Lo, such that 

(1) hn\ M X [2-"-\ 1] is a Z-embedding, 

(2) hn\Mx [2-«, 1] = hn-i \ M X [2-", 1], 

(3) hn\Mx [0, 2-"-i] =g\Mx% 2'^-% 

(4) hn\M X [2-"-\2-''] is 2-"-i-close to g \ M x [2-"-\2-"], hence 
it is 2-"-close to pr^^ : M x [2-"-\ 2"'*] M, 

(5) hn[M X [2-''-\ 1]] is disjoint from A. 

Finally, the limit h = lim„_>oo hn is the desired one. □ 

Theorem 4.2. Assume that X is a Zg^-subset of a Q-manifold M which 
is strictly homotopy dense in M. Then X is an ^JIq- absorbing space. In 
particular, z/M Q then (M, X) (Q, E) and if M ^ Q\0 then {M, X) ^ 
(Q\0,S). 

Proof. The assumption says in particular that X is homotopy dense in M, so 
it follows from Proposition 1.4 that X is an ANR being a strong Zo--space. 
It remains to check that X is strongly SDto-universal. For the additional 
statement, we can just apply Fact 1.6. 

Fix a map /: yl ^ X of a compact metric space such that / \ B is a 
Z-embedding, where 5 C ^4 is closed. Note that every compact subset of X 
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is a Z-set in M, hence it is a Z-set in X by Fact 1.3 (ii), so we just have to 
preserve / \ B, not worrying about Z-sets. We assume that A is endowed 
with the metric such that diam(^) ^ 1. Fix e > 0. Using the strong OJIq- 
universahty of M (see [3, Theorem 1.1.26]), we can find a Z-embedding 
g: A ^ M which is e/2-close to / and such that g[A\B]r]X = $ (here we 
use the fact that X is a Zo--set in M and also that f[B] is a Z-set in M). 

By Lemma 4.1, we have a strict deformation (p: M x [0,1] ^ M which 
omits f[B]. Fix a metric d for M and choose a map 7: A — > [0, 1] so that 
7-^(0) = B and 

d{9ia),(p{g{a),-f{a))) < e/4 for every a E A. 

On the other hand, by the assumption, there is a strict deformation ip: M x 
[0, 1] ^ M which omits M\X. Define h: A^ X hy setting 

h{a) = tlj{(p{g{a),'y{a)), 6(a)), 

where (5 : ^4 — > [0, 1] is a map chosen so that B = S~^(0) and 

d{h{a),ip{g{a),j{a))) < min{e/4, dist{ip{g{a),j{a)),f[B])}. 

This ensures us that h is e/2-closG to g and that h{a) ^ f[B] whenever 
a G A\B. Then his a map which is e-close to / and h[A\ C X. Furthermore, 
h\B = g\ B = f\ B. It remains to check that h is one-to-one (then it is 
a Z-embedding, since every compact set in X is a Z-set). 

Suppose h{a) = h{a'). If a,a' € B then g(a) = g{a') and consequently a = 
a'. When a, a' G A\B, since ip and tp are strict deformations, g{a) = g{a') and 
hence a = a' . In case a E B and a' ^ B, we have h{a) = g{a) = f{a) G f[B] 
but h{a') ^ f[B] because (p omits f[B]. Thus, this case does not occur. □ 

5. Pseudo-interiors of Bdij(M'") 

Throughout this section, m > is a fixed natural number. A particular 
case of a well known theorem of Curtis [9] says that Bdj/(IR™) = exp(R'") is 
homeomorphic to Q \0. We shall consider the standard (convex) Euclidean 
metric d on R"*. In this section, we investigate various Gs subspaces of 
Bdi/(R"*). The main result of this section is the following: 

Theorem 5.1. Let T C Bdi/(M"*) ht one of the subspaces below: 

Nwd(M"'), Perf(R"*), Cantor(M"'), 9t(M'"), Bd(r>), 

where D is a dense Gs set in such that \D is also dense in and 
in case m > 1 it is assumed that D = p[D] x M, where p : M™"^ is 

the projection onto the first m — 1 coordinates. Then the pair (Bd(M™),.F) 
is homeomorphic to (Q \0, s \0) . 

Applying Theorem 5.1 above, we have 

Corollary 5.2. Suppose {m. A;) = (1, 0) or ^ k < m — 1. Then, 

{Bd(R-),Bd(i.r))«(Q\0,s\0). 

Consequently, Bdij(^'^) f» £2- 
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Proof. As a direct consequence of Theorem 5.1, we have 

(Bd(M),Bd(z.o^)) = (Bd(M),Bd(M\Q)) « (Q\0,s\0). 

For each ^ fc < m-1, observe that ]R™\(f^-^ xM) = (R'"-i\f^-i) xM C 
\ uf. Thus, it follows that 

Bd{W^) \ Bd(z/^-^ X M) C Bd(M™) \ Bd(z^^). 

By Proposition 2.2 and Corollary 3.2, Bd(z^™) is a homotopy dense Gs set 
in Bdi,(M™), which implies that Bd(M"") \ Bd(z^f ) is a Z<,-set in Bd(R"'). 
On the other hand, we can apply Theorem 5.1 to obtain 

{Bd(M'"),Bd(M'") \Bd(z/^-^ X M)) « (Q\0,S). 
Then, it follows from Theorem 6.6 in [6] that 

(Bd(M-), Bd(M-) \ Bd(i/r)) « (Q \0, S). 
Thus, we have the result. □ 
The conclusion of Theorem 5.1 is equivalent to 

(Bdif(R"^),Bd^^(R"*) \ J^) ^ (Q\0,S). 

We saw in §2 that the subspace T C Bd(R"') in Theorem 5.1 is Gs, that is, 
Bd//(M'") \J- \s Ffj in Bdj:/(M'"). If JT contains a homotopy dense subset of 
Bd//(M™) then the complement Bd//(M™) \^ is a Zf^-set. Thus, in order to 
apply Theorem 4.2 to obtain the result, it suffices to show that contains 
a homotopy dense subset of Bdj:/(M'") and the complement Bd//(]R™') \^ 
contains a strictly homotopy dense subset of Bdj7(M"'). Observe that 

Fin(R'") C OI(R™) C Nwd(R'") and Cantor (R™) C Perf(R"'). 

As a special case of a well known result due to Curtis and Nguyen To 
Nhu [11], we have 

(Bd^^(R"^),Fin(R™)) = (exp(R™),Fin(R'")) « (Q\0,Q^\0), 

where denotes the subspace of Q consisting of all eventually zero se- 
quences, which is homotopy dense in Q. This fact implies the following: 

Lemma 5.3. The subspace Fin(R'") is homotopy dense in Bd//(R™). 

Using Lemma 5.3 above, we can easily show the following: 

Lemma 5.4. The space Cantor(M™') is homotopy dense in Bdj7(R™). 

Proof. Let /i be a homotopy of Bdii-(R'") which witnesses that Fin(R™) is 
homotopy dense, i.e., h{A, t) is a finite set for every t > 0. Choose a Cantor 
set C C [0, 1]"^ with G C and define a homotopy (p: Bdij(R"^) x [0, 1] 
Bd/^(R"*) by 

ipiA,t) = h{A,t) +tC. 

Then </?o = id and ip{A, t) G Cantor(R"') for every t > because a finite 
union of Cantor sets is a Cantor set. □ 
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Concerning the space Bd(-D) in Theorem 5.1, we have shown in Corohary 
3.2 that it is homotopy dense in BdH(l^"*)- Thus, to complete the proof of 
Theorem 5.1, it remains to show the fohowing: 

Lemma 5.5. Under the same assumption as Theorem 5.1, each of the fol- 
lowing spaces are strictly homotopy dense in Bd//(R™').- 

Bd(M"") \ Nwd(M™), Bd(R™) \ Perf (M™), Bd(M"') \ Bd(L>). 

First, we show the fohowing lemma, which also gives a direct proof of 
Lemma 5.3: 

Lemma 5.6. For D C R"^, ifW^\D is dense in M™ then Fin(M™) \Bd(L») 
is homotopy dense in Bdif(M"^). 

Proof. Let H = Fin(M"^) \ Bd(Z)), that is, H consists of all nonempty finite 

sets A(1W^ such that A\D ^ 0. Then H is dense in Bdij(]R'"). Moreover, H 
is closed under finite unions, i.e., AU B E 7i whenever A,B€Ti.. Recall that 
(Bdj^lR"'')' is a Lawson semilattice (see [18]), that is, the union operator 
{A,B) AU B is continuous and Bdif(M"*) has an open base consisting 
of subsemilattices; namely, every open ball with respect to the Hausdorff 
metric is a subsemilattice of (Bdj^ (M™), U). By virtue of [16, Theorem 5.1], 
it suffices to show that H is relatively LC° in Bdni^"^). R-ecall that a 
subspace y of a space X is relatively LC^ in X if every neighborhood U of 
each ,T G X contains a neighborhood 1^ of x in X such that every a,b E VCiY 
can be joined by a path in U (lY. 

Fix A e Bd/f(M"') and e > 0. For each Ao,Ai e Bd^(^,£/2) n H, we 
describe how to construct a path in B(i^(y4, e) n W which joins to tIqU Ai. 
Let Ai = {pq, . . . ,pn-i}. For each i < n, find qi G such that \\pi — qi\\ < 
e/2, and define 

h{t) = ^0 U {(1 - t)qi + tpi: i <n} for each t G [0, 1]. 

Then h{t) e H because Aq C h{t) G Fin(M"^). Further, dH{Ao,h{t)) < e/2, 
that is, h{t) G Bd^(A,e). Finally, h{0) = Aq and h{l) = U Ai. By the 
same argument, we can construct a path in B^;^ (A, e) HH which joins U^i 
to Ai. □ 

Proof of Lemma 5.5. First, we show the case m = 1. It suffices to con- 
struct a strict deformation ip: Bdni^) ^ [0)1] ~^ Bdi^(R) which omits 
Nwd(]R) UPcrf(M) UBd(i:>). Let hhca homotopy of Bd(R) which witnesses 
that Fin(M)\Bd(D) is homotopy dense (Lemma 5.6). Since Bdi^([l,2]) ~ Q, 
we have an embedding g : BdnO^) ~^ BdH([l, 2]). The desired ip can be de- 
fined as follows: 

<p{A,t) = h{A,t)\J{maxh{A,t) + [t,2t], imnh{A,t) -tg{A)}. 

For each t > 0, it is clear that (p{A,t) ^ Nwd(]R) U Pcrf(M). Since h{A,t) 
contains an isolated point from M\D which remains to be isolated in ip(A, t), 
we see that (p{A,t) ^ Bd{D). Given ip{A,t) for t > 0, we can reconstruct t 
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min h{A, t) - [t, 2t] min h{A, t) max h{A, t) 



A I I A 

h{A,t) 

min h{A, t) - tg{A) max h{A, t) + [i, 2t] 

as the length of the interval J C (p{A,t) with max J = m.ax-(p{A,t). Conse- 
quently, g{A) can be reconstructed from ip{A,t). Thus, </? is a strict defor- 
mation. 

Next, we show the case m > 1. To see that Bd(]R'") \ Perf(M™) and 
Bd(M"^) \ Bd(D) are strictly homotopy dense in Bdi7(M"*), we shall con- 
struct a strict deformation ip: Bd//(IK'") x [0,1] Bdj:/(]R'") which omits 
Perf(M'") U Bd(L>). RecaU p : M™ ^ M'"-^ is the projection onto the first 
m — 1 coordinates. Note that p[D\ is a dense Gs set in W^~^ and W^~^ \p[D] 
is also dense in M™-^ Let = (0, 0, . . . , 0, 1) € M™. 

Since M™" \ {p[D\ x R) is dense in M™", it follows from Lemma 5.6 that 
Fin(M'") \ Bd{p[D] x M) is homotopy dense in Bd/f(M™). Let h he a ho- 
motopy of Bd(M"*) which witnesses this, i.e., for f > 0, h{A,t) is finite 
and p[h{A,t)] % p[D]. Since Bdji-([3/5, 2/3]) « Q, we have an embedding 
g : Bdij(M"') Bdij([3/5, 2/3]). The desired can be defined as follows: 

^{A,t) = h{A,t) + t(]J 2-\g{A) U [3/4, l])e^ U {2e„} ] . 

View / 



h{A,t) 

* 



a + tg{A) a + [3/4, l]te„ 

1 



a + t(.g(A)U[3/4,l]e„) 
a + 2-4(<?(A) U [3/4, l]em) 



a + 2ter, 



For each t > 0, (p{A,t) has an isolated point because maxpTj^[ip{A,t)] is 
attained by an isolated point of ip{A,t), where pr„j denotes the projection 
onto the m-th coordinate. Hence, ip{A,t) ^ Perf(]R™). Since p[ip{A,t)] = 
p[h{A,t)] is finite and contains a point of M"^~^ \ p[D], it follows that 
cl{p{A,t) n {p[D] X R)) 7^ (p{A,t), which means (p{A,t) Bd(p[L>] x M). 

Given (p{A, t) for t > 0, we can find t as the distance from max pr^[(^(^, t)] 
to the interior of pT^[(p{A,t)]. Let oq G (^(A, t) be such that 

WmM = mmpT^[(p{A,t)] = mmpT^[h{A,t)]. 

Then, for sufficiently large i, 

(ao + 2-H{g{A) U [3/4, l])e^) n h{A, t) = 0. 
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Thus, we can reconstruct 2 ^tg(A) and consequently also g{A) from ^p{A, t). 
This shows that (p is a. strict deformation. 

For Bd(M'") \ Nwd(M™), we define a homotopy V: Bdij(M"*) x [0, 1] ^ 
Bdiy(M'") as follows: 

4^{A, t) = hiA, t)+tl[J 2-\giA) U [3/4, l])e^ U B(2e„, 1/2) 

In other wards, replacing the points a + 2tem € ^{A,t), a G h{A,t), by the 
closed balls 

a + tB(2e„,l/2) = B(a + 2te„, t/2), a € h{A,t), 

we can obtain ^lJ(A,t) from (^(yl, i). Evidently omits Nwd(M"*). Given 
t/j{A,t) for t> 0, let ao G il^{A,t) be such that 

Prm(ao) = minpr^[V'(Ai)] = minpr^[^(^, t)]. 

Then we can get t as the diameter of the ball B(ao + 2tem,t/2) (which 
is equal to 2/3 of the distance from oq to this ball). Now, by the same 
arguments as for ip, we can reconstruct g{A) from ip{A,t). Thus, is a 
strict deformation. □ 

Let us note that the subspace UNb(M) U Fin(M) is actually equal to the 
space Pol(M) consisting of all compact polyhedra in M. It follows from the 
result of [21] that the pair (exp(M), Pol(R)) is homeomorphic to (Q,Q^). 

6. NONSEPARABLE COMPONENTS OF Cldij(R) 

In this section, we consider the space Cldij(M) of all nonempty closed 
subsets of M. We shall also consider its natural subspaces, using the same 
notation as before, but having in mind the new setting. For example, Perf(]R) 
and Nwd(M) will denote the subspace of Cld(M) consisting of all perfect 
closed subsets of M and all closed sets with no interior points, respectively. 
Now Perf (M)nNwd(]R) consists of all nonempty closed (possibly unbounded) 
subsets of M which have neither isolated points nor interior points. In the 
new setting, we have 

Cantor(M) = Perf(M) n Nwd(M) n Bd(M). 

As shown in [17, Proposition 7.2], Cldi^(]R) has 2^° many components, 
Bd(M) is the only separable one and any other component has weight 2^°. 
The following is the main theorem in this section: 

Theorem 6.1. Let Ti. be a nonseparable component of Cldij(R) which does 

not contain R, [0,+oo), (-oo,0]. Then H ^ £2(2^'') ■ 

We shall say that a set ^ C M has infinite uniform gaps if there are 
6 > and pairwise disjoint open intervals /o,/i, . . . such that diam/„ ^ 6, 
^ n /„ = and bd/„ C ^ for every n e to. Define 

V = {A e Cld(R) : A has infinite uniform gaps }. 
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Clearly, V is open in Cldij(M) and V n Bd(M) = 0. For each A G Cld(M) \ 
Bd(M) and £ > 0, let D C ^ be a maximal e-discrete subset. Then G V 
and dH{A, D) ^ e because -D C ^ C B(D, e). Thus, V is dense in Cldij (M) \ 
Bd(M). 

If H is a nonseparable component of CldH(M) and M, [0, +oo), (— oo, 0] ^ 
Ji then Ti <Z.V. Indeed, each ^4 € is unbounded and every component of 
M \ ^ is an open interval. Let J be the set of all bounded component of 
M \ ^. Assume that {diam I: I € J'} is bounded. When A is bounded below 
(or bounded above), dH{A,[0,oo)) < oo (or dH{A,{—oo,0]) < oo), which 
implies [0, +oo) G TC (or (— oo,0] G Ti.). When A is not bounded below nor 
above, (iii-(^,M) < oo, which implies M G 7Y. Therefore, {diam/: / G JT"} is 
unbounded. In particular, A has infinite uniform gaps. 

Due to Theorem A in [17], every component of Cld//(]R) is an AR, hence 
it is contractible. Since a contractiblc i?2(2*^")-manifold is homeomorphic to 
£2(2^°), Theorem 6.1 above follows from the following theorem: 

Theorem 6.2. The open dense subsetV of Cld//(R) is an £2(2^°) -manifold. 

Proof. It suffices to show that each Aq gV has an open neighborhood U C.V 
which is an ^2(2^°)-manifold. In this case, W is a completely metrizable ANR 
because it is an open set in a completely metrizable ANR Cldj:/(]R). Due to 
Toruhczyk characterization of /'2(2^")-manifold [22] (cf. [23]), we have to 
show that U has the following two properties: 

(i) For each maps / : [0, 1]" x 2'^ — ^ W and a -.U (0,1), there exists 
a map g : [0,1]" x 2^ ^ U such that dnigiz), f{z)) < a{f{z)) for 
each z <E [0, 1]" x 2^^ and {g[[0, 1]" x {x}] : x G 2^} is discrete in U\ 

(ii) For any finite-dimensional simplicial complexes K^, n G w, with 
cardK„ < 2^0, for every maps / : 0„g^^ \Kn\ U and a : U ^ 
(0, 1), there exists a map g : ©„g^^ \Kn\ U such that duigiz), f{z)) 
< a{f{z)) for each z G ^^eoj and {g'[|ii'„|] : n G a;} is discrete 
in U. 

In the above, 2'^ is the discrete space of all functions of a; to 2 = {0, 1}. To 
this end, it suffices to prove the following: 

• For each map a : U ^ (0,1), there exist maps fx:U—>U,xG2^, 

such that dnifxi^),^) < "U) for every ^ G and {fxM : x € 2"^} 

is discrete. 

Fix Aq V and choose open intervals Io,/i, . . . such that diam/„ ^ 5, 
AQDln = and bd/„ C Aq (i.e., inf /„, sup/„ G Aq) for every n G oj. Taking 
a subsequence if necessary, we may assume that either sup In < inf In+i for 
every n G a; or inf > sup/^+i for every n E to. Because of similarity, we 
may assume that the first possibility occurs. 

Choose intervals [a„, 6„] C n G w, so that 6„ — a„ > (5/4, 

inf dist(a„, M \ In) = inf (o„ — inf /„) > 6/4 and 
inf dist(6n,M \ /„) = inf (sup/„ - 6„) > 5 /A. 

neo) new 
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Observe that if A € Cld/;-(R) and dH{A, Aq) < S/4 then A n (6„_i, a„) 7^ 
for every n € w, where 6_i = —00. For each A G Cldij(M) with dniA, Aq) < 
6/4, we can define 

rn{A) = max{A n a„)), n eoj. 

For each A, A' G Cld//(]R) with dniA, Aq), dniA' , Aq) < 6/4, we have 

\rn{A)-rn{A')\^dH{A,A'). 

Indeed, without loss of generality, we may assume that rn{A) < r„(^'). 
Then, the open interval (r„(A),6„) contains no points of A and rn{A') G 
{rn{A),bn). Since 6„ - rn{A') > 6/2 and 

rn{A') - rn{A) ^ |r„(^') - r„(^o)| + \rn{A) - r„(Ao)| < (5/2, 
we have \rn{A') - rn{-A)\ ^ dH{,A,J^). Then, it follows that 
inf [an - rn{.A)) - dniA, A') ^ inf (a„ - rn{A')) 

^ inf {an - rn{A)) + dniA, A'). 

This means that A 1— > inf„g^,(a„ — r„(^)) is continuous. Since r„(^o) = 
inf I„, we have inf„g^,(a„ — rn(^o)) > <5/4. Thus, ^0 has the following open 
neighborhood: 

U = {Ae Cld^W : dniA, Aq) < 6/4, inf (a„ - rn[,A)) > 6/4} C V. 

Now, for each map a: U — > (0,1), we define a map P : U —>■ (0,1) as 
follows: 

f3{A) = mm{^a{A), |(5 - ^0), inf (a„ - r„(^)) - |(5} . 

Given a sequence x = (x(n))„gtj G 2'^, let 

UA) = AU\J {rn{A) + ([0, U {/3(A) • x(n)})). 



rn{A) r„(A) + [0,i/3(A)] 



- ■ o — 

K-i 



An{bn-i,an) 



t 



-0- 



rn{A)+0{A) 
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This defines a map fx'- U U which is a-close to id. We claim that if 
x^y e2'^ then 

dniUA), fy{A')) ^ min \(5{A')} for every A, A' e U. 

Indeed, assume that x{n) = 1, y{n) = and let s = m.m{j(3{A), ^^{A')}. 
Then 

(1) max(/,(A) n (6„-i,a„)) = r„(^) + /?(^); 

(2) fx{A) has no points in the open interval {rn{A) + ^P{A),rn{A) + 

my, 

(3) max(^(AO n (6„_i,a„)) = r„(A') + 

(4) [rUA'),rn{A') + P{A')/2]Cfy{A'). 

In case r„(^') + ^ r„(^) + + s or r„(^') + ^ r„(A) + 

/3(74) — s, we have 

dnifxiA) n (&„_i,a„), n (&n-i,a„)) ^ s. 

In case r„ (^) + p{A) - s < rniA') + ^ rn(A) + /3{A) + s, since 2s ^ 

lP{A'), we have rn(A') < r„(A)+/?(^)-s, hence r„(A) + /3(A) -s G fy{A'). 
Thus, it follows that 

dnifxiA) n (6„-i,a„),^(A') n (6„_i,an)) ^ s. 

Finally, we show that {/x [^] : x € 2^} is a discrete collection of If not, 
we have A, Ai U and Xj € 2"^, i € uj, such that 7^ xj if i ^ j, and 
fxi{Ai) A (i ^ 00). Then c = infjgt^ = 0. Indeed, otherwise we 
could find i < j such that 

dHifxMi),A), dnifxMj)'^) < 
and l3{Ai), l3{Aj) > 4c/5. It follows that dHifxMi), fxj{Aj)) < c/5, but 

dH{fxMi)JxMj)) ^ min{/3(^)/4,/3(^')/4} > c/5, 
which is a contradiction. Thus, mfi^i^/3{Ai) = 0. Taking a subsequence, 
we may assume that limj_^oo /9(^i) = 0. Then Ai ^ A (i ^ 00) because 
(i//(/x.(Aj), ^j) ^ P{Ai). It follows that l3{A) = 0, which is a contradiction. 
This completes the proof. □ 

Let T>{X) be the subspacc of CldniX) consisting of all discrete sets in X. 
It follows from the result of [4] that 'D{X) is homotopy dense in Cld// (X) 
for every almost convex metric space X. By the same proof. Lemma 5.6 can 
be extended to Cld//(M™). 

Proposition 6.3. Assume D C M™ is such that \ D is dense. Then 

P(IR™) \ Cld(i:») is homotopy dense in Cldj/(]R™). 

Now, we consider the subspaces Nwd(M), Perf (M) and Cld(R \ Q) 

of CldjY(M). Similarly to Bd//(M), the following can be shown: 

Proposition 6.4. The sets Cld(M) \ m{R), Cld(M) \ Nwd(M), Cld(M) \ 
Perf(R) and Cld(R) \ Cld(R \ Q) are Z^-sets in the space Cldij(R). 
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Due to Negligibility Theorem ([1], [12]) if M is an ^2(2^«)-manifold and 
^4 is a Z^-set in M then M\A^ M. Thus, combining Proposition 6.4 and 
Theorem 6.1, we have the following: 

Corollary 6.5. Let TC be a nonseparable component of Cld}{(^) which does 
not contain R, [0,+oo), (-oo,0]. ThenTinmiR), ?inNwd(M), 7inPerf(M) 
and H n Cld(M \ Q) are homeomorphic to £2(2^°). 

7. Open problems 

The following questions are left open. 

Question 1. In case m > 1, under the only assumption that D C M™ is a 
dense Gs set and \ L> is also dense in M"^, is the pair (Bd(M""), Bd(Z))) 
homeomorphic to (Q \0, s \0)? In particular, is the pair (Bd(R"*), Bd{u^_i)) 
homeomorphic to (Q \0, s \0)? 

Question 2. Does Theorem 6.1 hold even if H contains M, [0, 00) or (—00, 0]? 
Question 3. For m > 1, is Cldij(R"') \ Bd(R"') an ^2 (2^° )-manifold? 

8. Appendix 

For the convenience of readers, we give short and straightforward proofs 
of Propositions 2.1 and 2.2. 

Proposition 8.1 (2.1). If {X,d) is a-compact then the space {Bd{X),dH) 
is FcrS in its completion (Bd(X), c/ij). 

Proof. Fix a countable open base {Un : n € w} for X. Since C/^ H X is Ffj, 
we have J7„ H X = Ufeetx;^fe' where each _ftr^' is compact. Observe that, by 
compactness, the sets (X \iC^)+ are open in the Hausdorff metric topology. 
We claim that 

Bd(x) \ Bd(x) = U {u- n n (X \ Kl)^) , 

which shows that Bd{X) \ Bd(X) is a countable union of Gs sets. This is 

what we want to prove. 

Assume A G Bd(A)\Bd(X), that is, A / cl^(AnX). Then there is n G w 
such that [/„ n A 7^ and [/„ n A n X = 0, which means that A e U~ and 
A£ {X\ KJ^)+ for every keu. Conversely, if A e U' n Clk^jX \ K^)+ 
then C/„ n A / and [/„ n A n X = 0, so ^ / cl^(^ n X). □ 

Proposition 8.2 (2.2). If {X,d) is Polish then the space {Bd{X),dH) is 
Gs in its completion (Bd(X), d/^). 

Proof. Let {Wn : n G u;} be a family of open subsets of X such that X = 
Clnsuj ^n- Fix a countable open base {Vn : n e 00} for X. We claim that 

(*) Bd(X) \ Bd(A) = U U {^n \ {Vn n Wk)-) . 
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As V~ is open in the metric space (Bd(^, d),dH) whenever V C X is open, 
it follows that V~ is F^r and therefore the set on the right-hand side of (*) 
is F„ in Bd/f(X). It remains to prove (*). 

If ^ G V- \ {Vn n Wk)~ then we have x eVuHA. Since 14 n (A n X) = 0, 
it follows that x ^ cl^{Ar\X). Thus A ^ Bd{X). Now assume A e Bd(X) \ 
Bd(X), that is, A ^ cl^(AnX). Then there exists an open set C X such 
that ?7nv47^0andJ7n74nX = 0. Hence flfceo; -4 n ?7 n VF^ = 0. Note that 
AV\\J is a Baire space because of the completeness of {X,d). Thus, by the 
Baire Category Theorem, there exists k € uo such that ACiU Ci is not 
dense in Ar\U. Find a basic open set C i7 such that VnC) A $ and 

VnnAnWk = il>.ThenAeV-\{VnnWk)-. □ 

Let ?B(X) denote the Borel field on a topological space X. Given C 
Cld(X), the Effros a-algebra ^{S)) is the cr-algebra generated by 

{U~ nSj: U is open in X}. 

It is well known that C(cxp(X)) = *B(cxp(X)) for every separable metric 
space X (see [5, Theorem 6.5.15])/ Whenever X is a separable metric space 
in which every bounded set is totally bounded, we can regard BdniX) C 
exp(X) by the identification as in §2, where X is the completion of X. 
Then, we have not only (£(Bd(X)) = «B(Bdij(X)) but also = <B(ij) for 
Sj C BdniX). This implies that <B{Sj) is standard if Sj is absolutely Borel 
(cf. [15, 12. B]). The results in §2 provide such hyperspaces Sj. 
In relation to the results above, we can prove the following: 

Proposition 8.3. Let X = {X, d) he an analytic metric space in which 
hounded sets are totally hounded. Then, the space Bdij(X) is analytic. 

Proof. The completion {X,d) of {X,d) is a Polish space in which closed 

bounded sets are compact. Then Bd//(X, d) = exp(X) is Polish. Fix a count- 
able open base {Un- n £ uj} for X. Since X is analytic, there exists a tree 
{Xg'. s G Lo'^^} of closed subsets of X such that X = U/ew" Hneu) "^/t"' 
which is the result of the Suslin operation on the family {Xgi s G u^'^} 
(e.g. sec [14, Lemma 11.7]). We may assume that Xg 2 whenever s C.t. 
Let Ws = B{Xs, 2"''^'), where |s| denotes the length of the sequence s. Then 
clWg D clWt whenever s C t. Moreover, flneoj^/N = Clneui^^^fln 
each / G a;'^. We claim that 

(ti) Bd(X,d) = f| U f][{Bdix,d)\u^)u{UknWf^n)-), 

where, as usual, we regard Bd{X,d) C Bd{X,d), via the embedding A 
clj^ A. The above formula ([[) shows that Bd{X,d) can be obtained from 



£(Cld(X)) = 23(Cld/f (X)) for every totally bounded separable metric space X (cf. 
[5, Hess' Theorem 6.5.14 with Theorem 3.2.3]). 
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Bd(X, d) by using the Suslin operation and countable intersection, which 
shows that it is analytic. It remains to prove (jj). 

Fix A € Bd(X, d) \ Bd(X, d). Then A 7^ c\{A n X) and hence there exists 
keuj such that A^U^ and cl ?7fe n ^ n X = 0. Then A ^ Bd(X, d) \ . 
For each f e oj'^, we have 

AnciUkH p dWf^n = AnciUkn f] Xf^^ = %. 

By compactness, there is n G a; such that A clUk f] clW/|-„ = 0, hence 

A^iUknWfin)-. 

Now assume that A G Bd(X, d) docs not belong to the right-hand side of 
(tJ), that is, there exists /c € w such that A G and for every f € co^ there is 
n e oj with ^ ^ (C^fcnVF/|-„)~. In particular, ^n?7fcnn„gt^ Xf^n = ^ for every 
f e uj'^ and consequently [/^ n ^ Pi X = 0. On the other hand, AnUk ^9. 
Thus it follows that A ^ cl^(^ n X), which means A ^ Bd{X, d). □ 
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